To ensure the discrete maximum principle or solution positivity in finite volume schemes, diffusive flux is sometimes discretized as a conical combination of finite differences. Such a combination may be impossible to construct along material discontinuities using only cell concentration values. This is often resolved by introducing auxiliary node, edge, or face concentration values that are explicitly interpolated from the surrounding cell concentrations. We propose to discretize the diffusive flux after applying a local piecewise linear coordinate transformation that effectively removes the discontinuities. The resulting scheme does not need any auxiliary concentrations and is therefore remarkably simpler, while being second-order accurate under the assumption that the structure of the domain is locally layered.
Introduction
Diffusion in an anisotropic discontinuous environment plays a role in various fields of engineering, such as subsurface flows. Steady state diffusion of a solute with concentration C in a bounded domain Ω ⊂ R 3 is modeled by the following boundary problem:
where u is the velocity, g is the volumetric source term, n is the unit vector normal to ∂Ω pointing outward, Ψ is the transfer coefficient, Various numerical schemes are used to solve this problem. Most of them produce non-physical oscillations and negative concentration values in particular cases. Nevertheless, certain schemes are specifically designed to address these issues. One such finite volume scheme appeared in [1] and was further developed in [2, 3, 4, 5, 6, 7, 8, 9] . These schemes do not satisfy the maximum principle, but they guarantee that the concentration does not become negative.
In addition to the primary concentration unknowns associated with mesh cells, these schemes use auxiliary concentration values located in faces and elsewhere. Face concentration values are easily determined from the continuity, but some kind of interpolation must be used to determine other auxiliary values. The interpolation method presented in [7] performs this task using piecewise linear interpolation and convex combinations. It satisfies the maximum principle and is second order accurate even when it uses interpolation nodes at the opposite sides of a material discontinuity. Since a simple brute force search for collocation points that form a convex combination can result in a combinatorial explosion, in [7] we proposed a complex but efficient alternative search algorithm based on Delaunay triangulations.
In this paper we deploy the piecewise linear transformation introduced in [7] directly in the velocity decomposition, without any auxiliary concentration variables. Such a scheme is simpler than [7] because the complicated construction of convex combinations is avoided. In addition, fluxes over discontinuities do not need special treatment, resulting in further simplification.
The paper is organized as follows: in §2 we explain how to use the piecewise linear transformation to obtain a one-side flux approximation. In §3 the one-side fluxes are combined in the usual fashion to obtain a two-point scheme. Euler implicit temporal discretization of the time-dependent problem is presented in §4. Numerical tests presented in §5 show that the accuracy and the convergence rate do not change much in comparison to [7] , and thus the simpler scheme should be the method of choice. Moreover, it is shown that a single iteration is sufficient to maintain the second order accuracy in a time-dependent problem.
Fluxes and piecewise linear transformation
The piecewise linear transformation used here to approximate the flux was constructed in [7] . The main steps are repeated for convenience.
Figure 1: It is assumed that the structure of the domain is locally layered.
We assume that some neighborhood of point x 0 ∈ Ω consists of layers Ω −m , . . . , Ω n , m ≥ 0, n ≥ 0, with interfaces that are either planes or approximated by planes (see Fig. 1 ). The diffusion tensor is allowed to have discontinuities between layers, but it is assumed to be constant or almost constant within each layer, thus D| Ωi = D i . This assumption needs to hold only locally -the diffusion tensor is allowed to vary smoothly within layers on a larger scale. We assume that the concentration changes linearly in each layer
This function must satisfy two conditions:
1. It must be continuous, and 2. The flux through each interface must be continuous.
The two conditions eliminate all but four degrees of freedom in the piecewise linear function C(x), which may be written as
where F : R 3 → R 3 is a piecewise linear transformation depending on the diffusion tensors and geometry but not on the concentration. In [7] we derived explicit formulas to compute F .
In [7] we evaluate (7) to obtain the concentration values at points. In contrast, in this paper (7) is not evaluated at points: instead, the gradient of (7) is used to approximate the normal velocity component n f · u in some mesh face f . We assume that this face belongs to cell T and that n f points outside from this cell. For point x 0 in (6) we take the centroid x T ; thus C 0 = C T in (7). We need to determine the three components of G 0 . These are found by solving a linear system consisting of three equations of the following types:
Point x f is the centroid of face f . The last equation follows from
and may be written in a form similar to (9) and (10):
Three equations of the form (8)-(12) constitute a linear system
If this system has a unique solution G 0 = M −1 r, then the normal velocity component at face f can be approximated as
because f ⊂ Ω 0 and ∇F ≡ I in Ω 0 . Coefficient vector α is determined by solving
Equations that make up the system (15) are chosen in such a way that the obtained coefficients α are non-negative. The search for these equations is performed by testing all combinations of neighboring cells and boundary conditions belonging to the candidate set, in the same way that the brute force strategy in [7] works. The candidate set is initialized with cell T , cells that share a face with T , boundary faces of T and Dirichlet boundary nodes of T . If equations leading to non-negative α are not found, the candidate set is extended by adding all neighboring cells, boundary faces and Dirichlet boundary nodes of the current member cells, until non-negative α is obtained. If matrix M in (15) is ill-conditioned, this typically results in large coefficients α. The resulting interpolation is inaccurate, so the combination is discarded if some α i t i / Dn f is larger than a suitably chosen value A max discussed in the next section, where t i is the vector multiplying G 0 in the corresponding equation (8)- (12) .
If more than one conical combination is found, we apply a strategy similar to the one used in [2] : starting with combinations containing the cell that shares the face f with the cell T , we choose the first encountered conical combination such that max i (α i m i )/ D(x f )n f 2 ≤ 1, where m i is the 2-norm of the i th row of matrix M . If no such combination is encountered, then we choose the one for which this ratio is minimal.
Alternative: harmonic averaging points
Let points x 1 and x 2 be separated by a material interface. The same two conditions leading to transformation F were used in [10] to compute the concentration at a suitably chosen point at the interface as a convex combination of concentration values at x 1 and x 2 . Such so-called harmonic averaging point can be used in (8) in the place of T , as an alternative to transformation F . The two approaches are equivalent under certain conditions:
• Either x 1 or x 2 is equal to x T ;
• The concentration at the harmonic averaging point is evaluated implicitly;
• Points x 1 and x 2 are in neighboring layers;
• Neumann and Robin boundary conditions in faces not belonging to Ω 0 are not used in (15) .
The notion of harmonic averaging points could be extended to interpolate over multiple layers and to deploy boundary conditions in a similar way this is done here.
Non-linear two-point scheme
As usual, finite volume discretization is performed applying the divergence theorem to the integral of (1) over the mesh cell T :
where n f is the fixed unit normal vector associated with face f , and
The two-point scheme is constructed in a similar way as in [2, 6] , but simpler because the discontinuities do not need to be treated separately. Approximation (16) can be written as
The convex combination of such expressions that correspond to the cells T + and T − sharing the internal face f
is chosen in such a way that the contributions of concentration values other than C + and C − cancel, together with the contributions of inflow Neumann faces. Here C ± denotes the concentration in cell T ± . Thus weights µ + and µ − are determined such that
where
If
Otherwise we take µ ± = 1 2 . In this way flux approximation (20) reduces to a two-point formula
Fluxes through Dirichlet faces are discretized in the same way as in [2, 6] , treating the boundary face as a flat cell of zero volume. The same technique is applied to Robin faces by treating the Robin condition at x f as a Dirichlet condition specified at (14)). Experiments have shown that it is better to accept relatively large coefficients α than to extend the candidate set, which also increases the error due to the increased distances between points. From (22) and (23) we see that large coefficients in a one-side flux cause the weight assigned to this flux to be small and the weight assigned to the opposite flux to be large. In this way the influence of inaccurate interpolation vanishes. Owing to this fortunate circumstance, we only discard combinations if α i t i / Dn f is larger than A max = 1000 for some i.
Finite volume discretization with fluxes as in (24) Starting with some C 0 , consecutive iterations are computed by solving the linearized system A(
is met. If C n is non-negative, then A(C n ) is an M-matrix because coefficients M ± f in (24) are non-negative, which follows from the non-negativity of d ± , (23), and (25). In the absence of Neumann outflow boundaries and if g D ≥ 0 and g R ≥ 0, the right-hand side is non-negative. Therefore C n+1 is non-negative as well, and by induction the concentration is non-negative in each iteration.
Time-dependent problem
A transient problem is obtained by adding a time derivative to the continuity equation (1):
when t > t 0 . For this equation to have a unique solution, in addition to boundary conditions (3)- (5), one also needs to specify an initial condition C| t=t0 = C 0 . Condition Γ D ∪ Γ R = ∅ is no longer necessary. Using Euler implicit discretization, we obtain
in the place of (18), where ∆t is the time step and the last superscript indicates the time level.
At each time level this non-linear system is solved using Picard linearization
where the superscript after the time level indicates the iteration number.
To preserve the second-order accuracy, one must take ∆t = O(h 2 ), where mesh parameter h is proportional to the longest edge length.
Inspired by [11, 12, 13] , for the initial approximation we take
Such an initial value violates the mass conservation property, but it is used only to compute coefficients M ± f in the first iteration. The conservation and positivity of subsequent iterations follow from the matrix structure. Moreover, since the error of the initial value is already O(∆t 2 ), a single iteration in each time step is enough to maintain the O(∆t) = O(h 2 ) accuracy at the end of the time stepping process. Extrapolation (30) cannot be used in the first time step becauseĊ 0 T is not known. It is suggested in [11, 12, 13] 
If a single iteration is performed, the error O(∆t) is introduced only at the first time step while all other steps add O(∆t 2 ), so the total error is still O(∆t). Alternatively, one may compute a few iterations in the first time step.
Examples
The following examples demonstrate that, on average, the proposed scheme is not less accurate and does not require more iterations than the more complicated version presented in [7] .
We report the numbers of iterations n 6 and n 9 until convergence is achieved with ε = 10 −6 and ε = 10 −9 , respectively. Linear systems are solved using the BiCGStab solver with an accuracy of 10 −12 . The following norms are used to quantify the concentration and flux errors:
where C T is the computed concentration in cell T , u f is the computed flux through face f , and C(x) and u(x) are the exact concentration and velocity functions, respectively. Example 1. This is a modified version of an example that appeared in [2] . The domain is the unit cube. The diffusion tensor is
The source term is chosen such that the exact solution is C = 1 − 2y 2 + 4xy + 2y + 6x if x < 0.5, 3.5 − 2y 2 + 2xy + x + 3y otherwise.
The exact concentration is set at z = 0 and z = 1, the exact flux is specified at y = 0 and y = 1, and the Robin condition is prescribed at x = 0 and x = 1. We take g R | x=0 ≡ 0 and g R | x=1 ≡ 10, while Ψ is chosen so (33) is the solution. This problem was solved on three types of meshes: cubic, triangular prismatic, and tetrahedral. The errors and iteration numbers given in Table 1 show that there is little difference in the accuracy and convergence rate, compared with the previous version of the scheme [7] . Example 2. This is a modified version of an example used in [7] . The domain is again a unit cube. The diffusion tensor is 
The source term is chosen such that the exact solution is C = cos(πx) sin(πy) + 1 if x < 0.5, 0.01 cos(πx) sin(πy) + 1 otherwise.
(36)
The exact concentration is prescribed at x = 1, y = 0, and y = 1, and the exact flux is specified elsewhere. Table 2 shows the errors and iteration numbers. In this example the scheme reduces to a linear one on structured grids, therefore convergence is achieved in a single iteration. This was not the case with scheme [7] , owing to the treatment of Dirichlet boundary conditions. The change also results in smaller errors on structured and prismatic grids. This is only possible because the anisotropy axes are aligned with the grid, which was not the case in the previous example.
The present example was also solved on Kershaw meshes [14] . The errors and iteration numbers are shown in Table 3 . No more than one candidate set extension was necessary to find the cells and boundary conditions that give non-negative coefficients α in (16) , in comparison to [7] where up to 11 extension rounds were necessary to find convex combinations on the same meshes. As explained in [7] , to find a convex combination for a mesh node that does not belong to the convex hull of nearby collocation points, a large number of extensions is necessary. Kershaw grids contain such nodes. On the other hand, the new scheme does not use interpolated point values so it does not suffer from this problem. 
Example 3. The diffusion tensor is
The exact concentration is set at z = 0 and z = 1, the exact flux is specified at y = 0 and y = 1, while the Robin condition is set elsewhere with g R | x=0 ≡ 0, g R | x=1 ≡ 11, and with Ψ chosen accordingly. The problem was solved on the unit cube using tetrahedral, prismatic and hexahedral grids of various sizes. The obtained concentration was exact in all cases.
Example 4. This example was taken from [2] . The domain is a unit cube with two holes
where R z (θ) is the matrix of rotation by angle θ = 67.5
• around the z axis. Concentration 0 is set in S 1 , concentration 1 is set in S 2 , and the no-flow condition is specified at the remaining boundary.
The example was solved on a range of hexahedral grids. The minimal and maximal concentrations and the iteration numbers are shown in Table 4 . This example demonstrates that the scheme preserves positivity. The maximum principle violation is somewhat lesser than in [2] , owing to the implicit treatment of Neumann boundary conditions. • if (x < 0.5 ∧ y < 0.5) ∨ (x > 0.5 ∧ y > 0.5) and θ = 67.5
• otherwise. The boundary conditions are the same as in the previous example. The example was solved on a range of hexahedral grids. The minimum and maximum concentration values, as well as the iteration numbers, are given in Table 5 . Positivity is preserved but, unlike the previous example, it is not evident that the maximum principle violation reduces as the grid is refined. 2 + 2xy + x + 3y otherwise.
The initial solution at t = 0 and the source term are chosen accordingly. The boundary conditions and the diffusion tensor are as in Example 1. The problem was solved on the same series of tetrahedral grids as in Example 1 using one, two, and three iterations per time step ∆t = 1.6h
2 . Such a time step was chosen because it generates an error of the same order of magnitude as the spatial discretization error. For comparison, on the coarser grids the problem was also solved using ∆t = 10 −5 and as many iterations as necessary to reach ε = 10 −9 . The errors at t = 2 given in Table 6 show that a single iteration is sufficient to maintain second order accuracy, although the maximal flux error is significantly reduced if two or three iterations are performed. 
Discussion and conclusion
We have demonstrated that there is little difference in accuracy and convergence rate between the current scheme and [7] . They both preserve solution positivity. Since the current scheme is much simpler, it should be used instead of [7] .
To construct conical combinations (16), a more sophisticated search strategy could be devised, such as the one presented in [7] . However, the need to do so is lesser than in the case of convex combinations because the computational effort is smaller. There are two reasons for this. The first reason is that we have not encountered a case where the cells and boundary conditions used to construct system (15) were more than three cells away. For comparison, up to 11 candidate set extension rounds were necessary to represent Kershaw grid node values as convex combinations in [7] . Second, three vectors suffice to construct a conical combination, while in general four points are necessary for a convex combination -so the systems are smaller and fewer in the case of conical combinations, even for the same number of extensions.
In practice, we have never come across a situation in which the proposed algorithm did not yield a conical combination. However, this may happen in the case presented in [7] , where the diffusion tensor varies in a sharp domain corner. In such a case we suggest modifying the mesh. Situations where a discontinuity meets the boundary, which required the introduction of auxiliary variables in the earlier versions of the scheme, do not present a difficulty in the current version.
Maximum principle violations are due to the way the one-side fluxes are combined in §3 and can be severe, as shown in Example 5. Nevertheless, this is not related to the technique of using piecewise linear transformation in linear flux reconstruction. The same technique can be used in combination with a variety of other finite volume schemes, such as [15, 16] .
It was demonstrated that in the transient case a single iteration per time step is enough to maintain the second order spatial accuracy with Euler implicit scheme, provided that sufficiently small time steps and the proposed initial guesses are used.
